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1. Introduction 
The purpose of this paper is to discuss certain concepts of symmetry in general 
relativity theory. The types of symmetries dealt with are those which arise from the 
existence of a Lie algebra of vector fields on the space-time manifold which are invariant 
vector fields of certain geometrical objects on this manifold (more precise defintions 
will be given later). A systematic study of those symmetries which arise, as described 
above, from the more important geometrical objects in Einstein’s theory does not 
seem to be available in the literature and this paper is intended as a tentative (but 
incomplete) step in this direction. It is aimed at both relativists who like to regard 
matters geometrically and geometers interested in Lorentz manifolds. 
Throughout, M denotes a space-time manifold-a 4-dimensional, Hausdorff, con- 
nected smooth manifold admitting a Lorentz metric g and its associated symmetric 
connection I. All structures on M are assumed smooth. Component notation in local 
charts will often be used and a covariant derivative with respect to I will be denoted 
by a semi-colon and a partial derivative by a comma. Einstein’s equations in local 
coordinates (and without cosmological constant) are 
Gab G R,b - ;Rg,b =tciT,b, (1) 
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where R,b z RCacb are the components of the Ricci tensor, Rabcd those of the curvature 
tensor, R = Rabgab is the Ricci scalar, G,b the components of the Einstein tensor, Tab 
those of the energy-momentum tensor and K is a constant. It will be convenient in 
what is to follow to make occasional reference to the Petrov type of the Weyl tensor 
of M (see, e.g. [25]) and the algebraic (Segre) type of the energy-momentum tensor 
(and for the latter the notation of [12] will be used). 
Let X be a global vector field on M. Then X gives rise to a local group of local 
diffeomorphisms T,!Q of M in a standard way [24]. The vector field X is called afine 
(or an afine collineation) if in any chart of M the following three conditions hold 
(i) Xa;b = hab + Fab 
(ii) h+ = 0 
(iii) &,;c = RabcdXd 
(hab = hba, Fab = -Fba) 
(2) 
so that h is a (global) covariantly constant, second order, symmetric tensor on M and 
F is a (global) k s ew, second order tensor on M called the (afine) &vector of X. The 
local diffeomorphisms $$ are now local affine diffeomorphisms in the usual sense and 
conversely [24]. Equation (2(i)) may be written as .Cxg = 2h where C denotes the 
Lie derivative. If h $ 0 and is not a constant multiple of g, X is called proper afine 
whereas if h is a constant multiple of g, X is called homothetic (proper homothetic if 
also h $ 0). If h z 0, X is called Killing (equivalently, the local diffeomorphisms +,t 
are local isometries, &,g = 9). 
Now suppose that X satisfies 
x,;b = h&b + Ch K = -%J (3) 
so that &xg = 249, where 4 is a real valued function and F’ a skew tensor on M. Then 
X is called conformal (proper conformal if 4 is not constant on M). If (2) and (3) both 
hold then C$ is constant on M and X is homothetic. The sets of all affine vector fields, 
all homothetic vector fields, all conformal vector fields and all Killing vector fields each 
constitute finite dimensional Lie algebras on M under the usual bracket operation and 
are called the afine algebra, the homothetic algebra, etc. A conformal vector field 
satisfying (3) h w ere C$ satisfies &;b = 0 is called special conformal. Such vector fields 
also form a finite dimensional Lie algebra and can be characterised as that subalgebra 
of the algebra of conformal vector fields whose members satisfy any of the following 
conditions [ 181 
LxRa bed = 0, lx&b = 0, CxG,b = 0 (4) 
written with the usual abuse of notation. For conformal vector field X on M satisfying 
(3) one has [ll] 
F& = R abcdXd - 2+,[agb]c (54 
d;& = -;L,,;,xc - +Lab + R,,,F;)c w 
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where round and square brackets denote the usual symmetrisation and skew symmetri- 
sation respectively and Lab E R,b - l/6 l&&b. The equation (5b) is equivalent to the 
condition 
CXRab = -24;ab - (+;cdgcd)gab. (6) 
Finally, a global vector field X on M is called a curvature coElineation whenever 
hRabcd = 0 1231 ( e 9 uivalently, the $t, preserve the curvature tensor) so that every 
affine vector field is a curvature collineation whilst a conformal vector field is a curva- 
ture collineation if and only if it is special [23,18]. Curvature collineations differ from 
the other symmetries discussed above in several respects, arising essentially from the 
fact that the Lie algebra of curvature collineations of A4 need not be finite dimensional. 
This will be discussed in more detail later. 
In conclusion to this section it is remarked that a finite dimensional Lie algebra of 
global vector fields on A4 need not give rise to a Lie group action on M in the usual 
way. Precise conditions under which this occurs are given by the theorem of Palais 
and involve the vector fields in the Lie algebra being complete (for details see [291-a 
summary is contained in [4,16]). Such completeness is guaranteed for affine vector 
fields if M is geodesically complete [24]. 
2. Symmetries and frame bundles 
Let L(M) denote the bundle of linear frames (frame bundle) of M regarded in the 
usual way as a principle fibre bundle with base space M and structure group GL(4, R) 
[24].Inth’ is b. f ne section some geometrical interpretations, within L(M), of some of the 
symmetries described in the last section will be discussed. The bundle L(M) admits a 
reduction to the bundle O(M) of p seudo-orthonormal frames with respect to g. If X is 
a global vector field on A4 it may be lifted in a natural way to a global vector field X 
on L(M) by using the natural lifts to L(M) of the one-parameter local group of local 
transformations & arising in h4 from X. In this formalism a global vector field X on 
M is affine if and only if Lxw = 0 where w is the connection l-form on L(M) arising 
from I [24]. Similarly a global vector field X on A4 is Killing if and only if X is tangent 
to O(M) at each point of O(M) and then the tetrad components of g are constant 
along integral curves of X. The tetrad components of the curvature tensor Rabcd 
are constant along the integral curves of the natural lift of a curvature collineation 
on M. 
One can use L(M) to give a geometrical interpretation of the bivector F arising from 
an affine vector field X as in (2). Let T& be a local affine diffeomorphism associated 
with X and let p,q E M with &(p) = q. Th en the change of the components of a 
vector Y in the tangent space T’(M) to M at p, with respect to some frame e; at 
p, to the components of $+,Y with respect to the frame obtained at q by parallely 
transporting the frame ei along the integral curve of X through p and q is regulated 
by the linear map with matrix exp(tXa;$) evaluated at p in the frame e; [24]. For 
example, if X is homothetic this is a stretching (represented by e@) and a rotation 
38 G. S. Hall 
(represented by the bivector 0’). This is one of several ways of expressing a type 
of linearity that affine symmetries have (essentially due to their preserving affinely 
parametrised geodesics). Another way lies in the result that an affine vector field X 
on M is uniquely determined by giving X” and Xa;b (equivalently, X”, hab and &b) 
at some (any) p E M. Yet another is that the lift X of a (not identically zero) affine 
vector field X on M can never vanish on L(M). Another will be encountered later in 
the section on fixed point theorems. The second expression of linearity above shows 
that maximum dimension of the affine (respectively homothetic, Killing) algebra on 
M is 20 (respectively 11, 10). If either of the first two of these maxima are achieved 
then M is flat and if the third is achieved then M is of constant curvature. 
Such useful displays of linearity no longer occur if X is a (proper) conformal vector 
field on M. To uniquely specify such a vector field on M one must give Xa,Xa;b and 
Xa;bC (equivalently X”, F&,, C$ and +,a) at some (any) p E M. The lift X of a (not 
identically zero) conformal vector field X on M may now vanish at point of L(M) 
[19]. The maximum dimension of the conformal algebra is 15 and if it is achieved M 
is confomally flat. 
The situation is even worse if X is a curvature collineation since it is possible that 
X is not uniquely determined on M even if X and an arbitrarily large number of 
covariant derivatives of X are specified at some p E M. This will be discussed further 
in section 6. 
3. Connections and holonomy 
In this section a brief discussion is given of holonomy groups in general relativity, 
further details being available in [24]. S ome knowledge of holonomy theory will be 
found useful in what is to follow and, although not absolutely necessarily, it usually 
leads to quicker and more elegant proofs than more conventional approaches. Through- 
out this section it will be assumed that M is simply connected (or that one is working 
in a simply connected chart domain U of M in which case all holonomy references 
apply to the holonomy group of the open submanifold U of M with Lorentz metric 
induced from g). Let QP denote the holonomy group of M at p. Then since M is 
connected (and hence path connected) QP and Qp are isomorphic for any p, q E M. 
Thus one speaks of the holonomy group Q of M. Since M is simply connected this 
holonomy group is a connected Lie group isomorphic to a connected subgroup of the 
(component of the identity of the) Lorentz group and can thus be identified with one 
of the fifteen types of subalgebra of the Lorentz algebra A. Here it is convenient to 
represent A as the Lie algebra of bivectors under the usual commutation and to label 
the subalgebra types Rr-Rr5 following [31] with Rr the trivial case, Rr.5 = A (and Rg 
is impossible for holonomy groups [14]). I n f ormation regarding these holonomy groups 
is tabulated in [14]. 
The group @ is called reducible (respectively non-degenerately reducible) if for some 
(and hence any) p E M, fBP, when regarded in the ususal way as a group of linear 
transformations of T,(M), 1 eaves some non-trivial subspace (respectively some non- 
trivial non-null subspace) invariant. Now the reducibility of @ is closely related to the 
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existence on M of a global, nowhere zero, covariantly constant, second order symmetric 
tensor h which is not a constant multiple of the metric g [14]. In fact if such an h exists, 
it can always be chosen to be of Lorentz signature and so one has Lorentz metrics g and 
h on M which are not constant multiples of each other but which give rise to the same 
symmetric connection r. A precise description;in terms of the above holonomy types, 
of those space-times M whose associated connection does not uniquely determine g 
(up to a constant factor) has been given in [14] together with an exact statement of the 
ambiguity in this determination. If M admits an h, @ is necessarily reducible and is of 
type RI, Rz, R3, Rq, Rg, R7, Rs, RIO, R11 or R13 and in each of these cases except R7 a 
global, nowhere zero, covariantly constant vector field is admitted. The set of all global, 
nowhere zero, covariantly constant second order symmetric tensors on M is a vector 
space H of dimension 2 1 and has dimension 2 in the cases Rg, R7, Rs, RIO, R11, R13, 
dimension 4 for Rz, R3, Rq and dimension 10 for RI. 
To complete this section it is remarked that if h4 is also geodesically complete there 
is a de Rham-type decomposition theorem for M in the non-degenerately reducible 
case [32]. 
4. Affine symmetries 
In this section M is assumed simply connected and non-flat (in the sense that the 
curvature tensor does not vanish over any non-empty open subset of M). Let X be an 
affine vector field on M so that (2) holds and let H denote the vector space introduced 
at the end of the last section. Denote by li the subspace of H consisting of those 
members of H which arise from an affine vector field on M as in (2). If dim H = n 
and dim K = m then m < n 2 1. If M admits an r-dimensional Lie algebra of affine 
vector fields then by taking appropriate linear combinations of these vector fields one 
can always construct a basis for this algebra of which T - m are Killing and, if g E K, 
(U M admits a proper homothetic vector field) m - 1 of them are proper affine or if 
g Q! K, m of them are proper affine. 
The procedure for finding all proper affine fields in M has been described in detail 
elsewhere [20]. It can be summarised briefly by noting that M admits proper affines 
only if its holonomy is such that dim H 2 2 (types R2, Rx, RJ, Rs, R7, Rg, RIO, RII, 
R13). In all these cases except R7 a global nowhere zero covariantly constant vector field 
exists and the local expressions for an independent set of proper affine vector fields 
in the sense of the previous paragraph is easily found. (Briefly if ‘u is a covariantly 
constant vector field then in a local contractible coordinate neighbourhood U, ua;b = 0 
and v, = v,, for some real valued function v on U, and vva is then proper affine on 
U.) In all of the non-degenerately decomposable non-flat cases (Rz, R3, Rq, Rs, R7, RIO 
and R13) a systematic procedure for finding all affine vector fields in M (up to the 
finding of homotheties in two and three dimensional manifolds) exists, use being made 
of the totally geodesic non-null submanifolds into which M is decomposed by the 
holonomy. For example, in the R 13 case, M admits a global covariantly constant unit 
timelike vector field ua and in a locally decomposed chart U, 2, TJ, z with U, = u,, any 
affine vector field X takes the form X” = (a + bu)zP + k” where a, b E Iw and kaua = 0 
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and where k gives rise to a vector field in each of the hypersurfaces orthogonal to u in 
an obvious way and which is homothetic with respect to the induced geometry in these 
hypersurfaces. The dimension T of the affine algebra in this case satisfies 2 2 T I: 8. 
By considering all such possibilities for the holonomy (or by an alternative shorter 
argument [22]) one can show that the maximum dimension for the affine algebra when 
M is non flat is 10. (This corrects a slip in [20] w h ere it was claimed this maximum 
was 9.) Some examples with non-trivial affine vector fields are the Einstein static 
universe (T = S), Godel’s metric (r = S), the generalised plane wave space-times 
(r = 7,8,9 or 10) and space-times of (non-zero) constant curvature (r = 10). 
5. Conformal symmetries 
Isometries are, of course, the most widely studied type of symmetry in Einstein’s 
theory and many examples of and uses for them are known [25]. Much less informa- 
tion is available about space-times admitting homothetic or conformal vector fields. 
However, if M admits a conformal vector field X which does not vanish at any point 
of M then there is a neighbourhood U of any point p E M and a real valued function 
u on U such that X is Killing with respect to the metric g’ = e2ug. One can then 
draw on the standard information about isometries to infer results about g’ and hence 
g and also supply a geometrical interpretation of the conformal bivector F’ in (3). 
However, a Lie algebra of conformal vector fields on M may contain members with 
critical points (zeros) and the problem of finding a neighbourhood U and a function cr 
as above such that this algebra becomes an algebra of Killing vector fields on U with 
respect to the metric e20g is more delicate. It can, however, be solved under certain 
restrictions which are not always stated explicitly ([3, lo] but see [19] for the problems 
which can arise). The strongest statement known to the author says: 
If C, is an r-dimensional Lie algebra of conformal vector fields on M and if the Petrov 
type and the dimension and nature (timelike, spacelike or null) of the orbits associated 
with C, are the same at each p E M then the metric g on M may be locally conformally 
scaled to g’, as above, such that C, is a Lie algebra of special conformal vector fields 
with respect to g’. If the Petrov type is not 0 the above local scaling can be chosen to 
make C, a Lie algebra of homothetic vector fields with respect to g’ and if M is not 
locally conformal to a generalised plane wave the above local scaling may be chosen so 
that C, is a Lie algebra of Killing vector fields with respect to g’. 
The general situation would be much clearer if one had more results about the 
behaviour of conformal vector fields near their critical points, and, in particular, about 
the (conformally invariant) similarities and differences between this behaviour and the 
corresponding behaviour for isometries [19]. 
Suppose X is a proper homothetic vector field on M which has a critical point 
p E M. Clearly no function 0 as above exists in any neighbourhood of p in this 
case [19]. It can be shown that all Weyl and Ricci eigenvalues vanish at p and so the 
Petrov type at p is 111, N or 0 and the Ricci tensor type is {(31)} (eigenvalue zero), 
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{(all)} (eigenvalue zero) or 0. Considering now the (homothetic) bivector F as in (2) 
(or F’ as in (3)) evaluated at p, it turns out that for many choices of F, M is flat in 
some neighbourhood of p and is thus excluded from further discussion, and that for 
almost all choices of F(p) th e curvature tensor vanishes at p. The possibilities at p 
can be broken up into exactly two cases. In the first case, p is part of a null geodesic 
of M each point of which is a critical point of X. At each of these critical points the 
Petrov type is N or 0 and the Ricci tensor type is ((211)) with zero eigenvalue or 0 
and some neighbourhood of p is isometric to a generalised plane wave space-time. In 
the second case p is an isolated zero of X and, at p, the Petrov type is 111or 0 and 
the Ricci tensor type is ((31)) with zero eigenvalue or 0. Both cases exhibit pleasant 
geometrical features based on the phase portraits of the integral curves of X. These 
phase portraits and the structure of the critical points differ markedly from those 
arising from Killing vector fields. The above results are taken from [15,19] but similar 
results in a different form had appeared in [l] ( see also [a]). That such a study can be 
accomplished in a straightforward way is essentially due to the fact that if one chooses 
normal coordinates in some neighbourhood of p, the affine nature of X means that 
the components X” are linear functions of these coordinates (and this is the other 
expression of affine linearity alluded to earlier). These results may also be used in a 
general study of space-times admitting (proper) homothetic algebras of high dimension 
and when the associated orbits are well behaved they yield some surprisingly strong 
results mainly as a consequence of the above results on homothetic critical points [22]. 
Now suppose that X is a proper conformal vector field on M with a critical point 
at p. The situation is now more complicated because one cannot appeal to the “affine 
linearity” mentioned above and because one must consider separately the cases d(p) # 
0 and 4(p) = 0 for the function 4 of equation (3). H owever, the linearisation theorem 
of Sternberg (see [27]) h s ows that if a certain condition on the eigenvalues of X,“,(p) is 
satisfied then there exists a coordinate neighbourhood of p in which the components 
X” are linear functions of the coordinates. Under these conditions some progress can 
be made towards a study of the behaviour of X near p [19]. In any case, if d(p) # 0 
the restrictions on the Petrov type at p are the same as for homothetic vector fields 
mentioned earlier whilst if 4(p) = 0 th ese restrictions are the same as those encountered 
at zeros of Killing vector fields (i.e. type N,D or 0). 
This section is concluded with four brief remarks, the first two of which will be 
discussed elsewhere (with J. Steele). Firstly, one can find examples of non-identically 
zero (proper) conformal vector fields X where both X and its first covariant derivative 
vanish at some point p E M ([19] and cf. Section 2). In this case the Weyl tensor 
vanishes at p. Secondly, the maximum dimension of the conformal algebra if M is 
not conformally flat is 7. Thirdly, the special conformal vector fields introduced in 
Section 1 can, if 4,a is non-null, be described in a nice geometrical form and handled 
in a straightforward manner [18]. Finally several discussions of space-times admitting 
proper conformal vector fields have been given recently and a fairly comprehensive 
account of space-times admitting special conformal vector fields was presented in [6] 
(see also [5]). 
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6. Curvature collineations 
The Lie algebra of curvature collineations differs in many respects from the Lie 
algebras discussed so far. It is not necessarily finite dimensional (see e.g. [16]) and 
a particular member is not necessarily uniquely determined by prescribing it and its 
covariant derivatives of all orders at some point of M. Unlike affine and conformal 
vector fields on M two distinct curvature collineations on M may agree on some non- 
empty open subset of M. These remarks are, of course, trivial if 1M is flat but they 
remain true in the present case when M is taken as non-flat as will be demonstrated 
later. A proper study of curvature collineations should (at least) show when the cor- 
responding Lie algebra is finite dimensional and when it is not, how it is related to 
the other symmetry algebras described earlier and which types of space-times might 
be expected to admit them. Some recent progress has been made on this problem but 
space permits only a brief (local) discussion here. More details will be published (with 
J. da Costa) elsewhere. 
At any p E M the Riemann tensor with components Rabcd can, by virtue of its 
symmetries, be regarded as a 6 x 6 symmetric matrix in a well known way [30]. The rank 
of the curvature at p is then defined to be the rank of this matrix, that is, the rank 
of the linear map f of the set of all bivectors at p to itself defined in an obvious way 
by the Riemann tensor. Closely related to this concept of rank at p is the subspace 
S c Tp(M) of solutions Ic of the equation 
&--kd = 0. (7) 
The curvature at p (assumed # 0) satisfies exactly one of the following conditions 
[13,21]: 
(i) the rank is either 6,5,4 or 3 with dim S = 0, or 2 with dim S = 0 and excluding 
those special cases where the range of f is spanned by a dual pair of non-null simple 
bivectors; 
(ii) the special cases of rank 2 excluded in (i); 
(iii) the rank is 2 or 3 and dim S = 1; 
(iv) the rank is 1. 
Suppose for simplicity that the curvature satisfies the same condition at each p E M. 
Then a consideration of the algebraic structure of the curvature at p reveals a useful 
expression for ,fZxg, when X is a curvature collineation on M, for each of these con- 
ditions [26,21,13]. If this condition is (i) then every curvature collineation on M is a 
homothetic vector field on M [26,13]. Th us the problems arise in the other cases. If 
(ii) holds then the holonomy algebra must be of type R7 and M locally decomposes 
into the (metric) product of a spacelike and a timelike 2-dimensional submanifold. 
Within such a locally decomposed coordinate domain the Lie algebra of curvature 
collineations can be shown to be finite dimensional. 
If case (iii) holds then the distribution S (which can be shown to be smooth) is 
spanned locally by a vector field whose integral curves are geodesic [8]. Suppose further 
that the type of S (timelike, spacelike or null) is the same everywhere. If S is non- 
null then (with some technical clauses which are omitted here) for p E Ad, either there 
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exists a neighbourhood U of p and a c.urvature collineation in U which spans S at every 
point of U or there is not. In the former case the Lie algebra of curvature collineations 
on some neighbourhood of p is infinite dimensional. This is because the corresponding 
space-time metric g on U is locally conformally related to a metric g’ which admits a 
(non-null) covariantly constant vector field ‘u. spanning 5 and takes the form 
ds2 = fdu2 + hmp dz”dzP (hap = hap(L’), q/3,-/ = 1,2,3) 
where 21, x1, x2, x3 are locally decomposed coordinates, u, = u,,, U,;b = 0, &bcdud = 0 
and h is a 3-metric of the appropriate signature. A general curvature collineation X 
for g’ in this coordinate neighbourhood satisfies 
where q5 is a constant and X = X(u). A projection argument then shows that X is a 
curvature collineation for g’if and only if, in these coordinates, X” = o(u)ua+P where 
Q is an arbitrary function of ‘1~ and k a vector field orthogonal to ‘1~ and which gives rise 
in an obvious way to a vector field in each of the hypersurfaces of constant u which is 
homothetic with respect to the induced metric h from g’. The infinite dimensionality of 
the Lie algebra of local curvature collineations for g’ is then clear as are some remarks 
made at the end of Section 2 and the beginning of this section (at least in the above 
local sense-clearly one can construct space-times with M = IR4 and with metric of 
the form (8) in this global chart to justify these remarks globally). Similar conclusions 
now follow for the original metric g because the local conformal scaling between g 
and g’ turns out to involve a function of ‘11 only. In the latter case, if the vector 
field spanning 5’ is hypersurface orthogonal, any curvature collineation X admitted 
by A4 is such that any local diffeomorphism arising from X maps one hypersurface 
orthogonal to u (locally) into another (possibly the same) such hypersurface and in 
this way can be shown to give rise to a local conformal diffeomorphism between these 
hypersurfaces with respect to the metrics induced on these hypersurfaces by g. Using 
the finite dimensionality of the conformal algebra of a 3-manifold one can then show 
that, locally, the Lie algebra of curvature collineations is finite dimensional. If u is not 
hypersurface orthogonal a similar result is still true. 
In case (iii) with 5’ null, or in case (iv) the situation is more complicated. An example 
of case (iv) arises when M admits two global covariantly constant vector fields z and 
y such that the 2-dimensional distribution they span is non-null. One can arrange that 
xax, = yaya = 1, x%Ja = 0, and choosing locally decomposed coordinates u, V, 2, y 
with x, = x,,, ya = y+ the general local form for a curvature collineation X on M 
is X” = ~(5, y) xa + V(X, y)y” + k” where p and v are arbitrary functions and k is a 
vector field in this coordinate domain, orthogonal to x and y, and which gives rise in an 
obvious way to a vector field in the 2-dimensional hypersurfaces orthogonal to x and 
y which is a local curvature collineation (and a local conformal vector field) in these 
hypersurfaces with respect to the geometry induced from g. The infinite dimensionality 
of this local Lie algebra of curvature collineations in this example is then clear. 
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7. Further considerations 
The paper is concluded with two brief remarks. Firstly, some of the above symme- 
tries are either absent or tightly restricted if a specific form for the energy-momentum 
tensor in (1) is given. For example, proper affine and proper conformal vector fields can- 
not exist in vacuum space-times except for the pp-wave space-times and proper affines 
are also forbidden when (1) represents a perfect fluid space-time with (in the usual 
notation) 0 5 p # p > 0 and are severely restricted for Einstein-Maxwell space-times 
[14,16]. Curvature collineations are also heavily restricted in a similar way [7,9,13]. 
Secondly, this paper deals mainly with “global symmetries” whereas observations in 
physics often reveal only “local symmetries”. One then asks the question whether, if 
all observers observe a “similar” symmetry locally, these are just restrictions, to neigh- 
bourhoods of the observers, of global symmetries on M. With a topological restriction 
on M a precise statement and answer is available for isometries [28] and for all affine 
and conformal symmetries [17]. Let M be a simply connected space-time for which the 
dimension of the vector space of germs of local affine vector fields (respectively local 
conformal vector fields) defined on some open neighbourhood of p is the same for each 
p E M. Then if X is a local affine (respectively local conformal) vector field on some 
connected open subset U in M it may be extended to a global affine (respectively 
global conformal) vector field on M. 
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